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SUMMARY 

Two Sumerian school tablets from c. 2500 B.C.--con- 
taining respectively a correct and an erroneous solution 
of the same problem of dividing a very large amount of 
grain into rations of 7 sila each--are analyzed. It 
is suggested that the error committed cannot reasonably 
be explained by two earlier conjectures on the method 
of solution (normal "long division," and multiplication 
by the reciprocal), but only by conversion to an inter- 
mediary unit and calculation in two steps analogous to 
the principle of "long division." Also discussed are 
some possible implications of this result for contem- 
porary Sumerian arithmetical abilities and general 
techniques. 

Nous analysons deux tablettes d'ecole sumeriennes 
gravees environ 2500 ans avant notre &z-e. L'une est une 
solution correcte et l'autre, une solution erronee d'un 
m&me problsme, h savoir la division d'une tres grande 
quantite de grain en portions de 7 sila. On montre 
que les deux methodes de solution proposees jusqu'a 
maintenant (l'une analogue a la methode moderne, 
l'autre &ant la multiplication par le nombre inverse) 
ne suffisent pas ?J expliquer l'erreur commise, et 
qu'il faut supposer une conversion en une unite inter- 
mediaire suivie d'un processus en deux &tapes de 
"division de nombre complexe". Nous discutons des 
implications de cette analyse sur notre connaissance 
du savior et des pratiques arithmetiques contemporains 
des sumeriens. 

In an important paper on the prehistory of Babylonian mathe 
matics, Marvin A. Powell [1976] discussed two tablets from Fara 
(ancient &ruppak) from c. 2500 B.C., which he identified as 
two school exercises (one cQrrect and one erroneous) dealing 
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671 R 671 F 

FIG. 1. The two school tablets from c. 2500 B.C. dealing 
with the distribution of one "granary" of barley in rations of 
7 sila. The reproductions are basically those of Jestin [1937], 
but corrections are made where (and only where) Jestin's version 
was unambiguously contradicted by the photographs (cf. Figs. 2 
and 3). Note that No. 671 begins at the reverse of the tablet 
(if Jestin's identification of obverse and reverse is to be 
relied upon, as it probably is), and that the result is written 
in three lines. 
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with the same problem. The two tablets were originally published 
by Raymond Jestin [1937, Nos. 50, 6711. They are shown in Fig. 
1 in a corrected version of Jestin's somewhat imprecise repro- 
duction, and in photographs in Figs. 2 and 3. In translitera- 
tions and translations based on [Powell 1976, 4321 the two 
tablets are as follows [l]: 

Jestin 7937, no. 50 

] 

Q(HarulSlEarl 
4(GeBuR2(GeBI 45,42,51 
5(u) 1 

de sila3:3 3 sila of 

Zu-tag4 grain left 
on hand 

I Jestin 1937, no. 671 

rransliteration 

s'e sila 7 
3 

guru7 

16: 1 2-u 
ba-ti 

l(s'aru) 

iIdarl 

Translation 

Grain [in 
rations of] 
7 sila, 
granary 

each man 
receives 

Workmen 

45,36,0 
[written on 
three lines] 

In the above translation, as in the entire text, the Sumerian 
numerals are translated as normal place value sexagesimals: 
that is, 

x, y,z:u,v means x . 60' + y . 60 + z + u - 60-l + v  * 60-'. 

In this connection one must remember that the place value nota- 
tion is only attested half a millenium after the Fara texts were 
written. The numerals in these texts are not written according 
to a place value notation; instead they make use of special 
symbols for 1, 10, 60, 600, 3600, and 36000 (see Table 1). 
Thus, all numbers which are found in the Fara texts (certain 
simple fractions apart) can be translated into the form X,Y,Z, 
where X, Y, and Z are integers between 0 and 59 [2]. To remind 
us of the fact that the place value translation is anachronistic, 
even if in agreement with established practices, I have used a 
less orthodox notation in the transliterations. 
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TABLE 1. The Numerals Used in the Fara Tablets, 
together with Their Corresponding Number Words. 

0 =diS =I 

0 =u = IO 

0 = Ge.5 = 60 = I,0 

ID 
= Ges'u = 600 q IO,0 

0 = Sar = 3600 q l,O,O 

0 0 = s'aru q 36000 q lO,O,O 

Note. Observe that the signs as well as the words for 600 
and 36000 are composed from 60 * 10 and 3600 * 10, respectively 
(see [Powell 1972a, 73.) 

HM 9 

These numerals are found on the two tablets discussed (see 
Figs. 1 and 2). The special symbol for 36000 used in No. 671 
is probably a mistake; it has slipped in from the system of 
area notation [Powell 1972b, 2181. 

TABLE 2. The Basic Capacity Units in Use in the Fara Tablets. 

1 sila 

1 ban = 10 sila ( = l(u) sila ! 

1 bariga = 6 ban = l,o sila I = l(Ge.3) sila ) 

7 qur-mab = 8 bariga = 8,o sila ( = 8(Ges') Sila ) 

Note. It should be noticed that this system differs some- 
what from the systems in use 200 years later [Powell 1976, 423; 
Lambert 1953, 2071. 
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The sila is a measure of capacity (about 1 liter). Tablet 
50 is then to be interpreted in the following way: The contents 
of one storehouse of grain are distributed to a number of men, 
each man receiving a ration of 7 sila. Consequently, 45,42,51 
rations (i.e., 164571 rations) are distributed, and a remainder 
of 3 sila is left over. As pointed out by Lambert (11953, 2061 
and a correction in [1954, 1501), this presupposes that the con- 
tents of a standard granary (or some specific granary which is 
dealt with in the exercise [3]) is known. Further, if the exer- 
cise is performed correctly we may conclude that the contents 
of the granary should be 40,O gur (4 (tjeh) gur), with the qur 
in question (the gur-matf) equal to 8‘0 sila in Fara (see Table 
2 and [Lambert 1953, 206 f.]). 

Tablet 671 would of course lead to a different result. How- 
ever, this tablet has obviously been written by a much less com- 
petent student, and since, furthermore, the resulting magnitude 
of the contents of the granary is much less simple, we may con- 
fidently follow tablet 50. 

The first implication of this concerns metrology. The very 
simple structure of the granary led Lambert [1953, 2071 to in- 
clude it in the list of metrological units used in Fara. Accord- 
ing to A. A. Vaiman, however, this is very doubtful since such 
a use of the term is attested nowhere else [Marvin A. Powell, 
private communication]. On the other hand, the use of the term 
guru7 used in two parallel, somewhat later royal inscriptions 
from Laga: to designate not the building but the quantity of 
grain which can fill the granary, seems beyond doubt. (Entemena, 
Cone A, 1121, II25, IV", and Cone B, corresponding places; 
[Sollberyer 1956, 37 f.; and Thureau-Danyin 1907, 38-411). Upon 
this point there is agreement between the otherwise wildly di- 
vergent interpretations of the passages in question [4]. Toward 
the end of the third millennium, the term meant 1 (.&r) royal 
gur of 300 sila each [Thureau-Danyin 1932, 391, that is, 1080000 
sila, which is quite close to but yet different from our assumed 
Fara value. Thus, it might appear that the best conjecture is 
that the guru7 was not a real metrological unit, but rather a 
standard expectation concerning the contents of a physical store- 
house, relatively unaffected by changing metrological conventions 
but always expressed in round numbers in the current metrology. 

In any case, it must be regarded as justified to interpret 
the guru7 in our tablets as 4 (pe8u) qur, or, equivalently, as 
5,20,0,0 (=1152000) sila (in the rest of the paper I shall assume 
this result). The problem dealt with on the tablets is there- 
fore a formal division problem. It is probably the oldest such 
problem known, even though practical division problems presumably 
must have presented themselves at a much earlier date to the 
temple administrations. So, the method used to solve the prob- 
lem is of some interest in connection with the problem of the 
development of Mesopotamian mathematics--not least because later 
Mesopotamian mathematics differs from all other mathematical tra- 
ditions by its use of reciprocals for divisions. 
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FIG. 2. Tablet 50. At bottom the lower right corner of the 
tablet ("3 sila of grain left on hand"). Photographs kindly 
supplied by Istanbul Arkeoloji Miizeleri Miidiirlii$i. 
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Tablet 50 (Fig. 2) was first discussed at length by Genevisve 
Guitel [1963]. She proposed--mainly because this is a way in 
which the division can be performed and because of the visual 
impression offered by the arrangement of the result--that the 
scribe "ait utilise une m&hode absolument analogue a la pratique 
moderne d'une telle division," calculating the number of sila 
to a guru7 and expressing it as 32 h-u 153, and then performing 
a normal "long division" through the levels defined by the suc- 
cessive numeral symbols. As long as only a statement of the 
problem and a correct solution were known, nothing better could 
be done. 

Powell [1976, 432 f.] discovered that tablet 671 contains 
the same problem, assuming a copying error on the part of Jestin. 
(Such an error is confirmed by the photograph.) This parallel, 
but erroneous, calculation was used by Powell as the basis of 
a new approach. He found Guitel's absolutely modern method 
suspicious, proposing instead the possibility that the Fara 
scribes used the only method of division attested in later 
Babylonian mathematics, namely, multiplication by the reciprocal. 
Powell correctly pointed out that in order to obtain the correct 
answer (that of No. 50), l/7 has to be calculated to four sexa- 
gesimal places. Since 1 guru7 = 5,20,0,0 sila, the procedure 
would be as follows: 

(1) 5,20,0,0 - 0;8,34,17,8 = 45,42,51;22,40, 

(2) 45,42,51 - 7 = 5,19,59,57, 

(3) 5,20,0,0 - 5,19,59,57 = 3. 

So, the number of men is 45,42,51, and 3 sila are left over-- 
just as stated in No. 50. 

This calculation was carried out in the full sexagesimal 
system where it can, of course, be made. For the moment we 
leave aside the question whether such a calculation could be 
made by the Fara scribes. 

Apart from historical continuity the main support for 
Powell's proposal is that it makes sense of the wrong result 
of No. 671: As stated by Powell, this wrong result is obtained 
if one uses 0;8,33 (=57/400) instead of 0;8,34,17,8, . . . for 
l/7; then the number of men is found to be 45,36,0, and no 
remainder is left. If no other explanation of this result 
could be found, this would support Powell's interpretation, 
and consequently the idea that an equivalent of the full sexa- 
gesimal system was in use in Fara. In any case, after Powell's 
parallelization of the two texts it should no longer be possible 
to neglect the error in No. 671 as a source of information [6]. 
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Reverse 

Obverse 

Obverse, lower edge 

Reverse, upper edge 

FIG. 3. Tablet 671. Photographs kindly supplied by 
Istanbul Arkeoloji Miizeleri Miidiirl$ii. 



HM 9 Sumerian Division Problem 27 

There is, however, another way to carry out the calculation 
which not only makes the error committed on tablet 671 possible 
(as does the use of reciprocals), but also implies that this 
error is one of the most obvious of all possible errors. 

This other method is suggested by the fact that quantities 
of grain greater than the gur were measured in gur and expressed 
by the standard numerals listed in Table 1, while smaller quan- 
tities were measured by subunits designated by a special series 
of symbols, a series which runs parallel to the series of 
standard numerals but which does not contain the gur and its 
multiples as round sexagesimal multiples of the smallest unit, 
the sila (see Table 2). We may therefore suppose that the first 
way in which the student would think of the granary would be 
as 4 (5reBu) gur. If we divide this number by 7, the result is 
5,42 and a remainder of 6 gur. If we forget about the remainder 
and multiply 5,42 by the number of sila to a gur, we get 45,36,0-- 
just the result of No. 671! 

Few other procedures lead to this result in a correspondingly 
simple way. Those I have been able to devise seem too artificial 
to be taken seriously into account [7]. Thus, a plausible ex- 
planation of No. 671 is that the scribe divided the number of 
gur by 7, forgot about the remainder, and multiplied by 8,0. 

Truly, No. 671 was written by "a bungler who did not know 
the front from the back of his tablet, did not know the differ- 
ence between standard numerical notation and area notation, and 
succeeded in making half a dozen writing errors in as many lines" 
[Powell 1976, 4321. However, several indirect arguments suggest 
that the able student who wrote No. 50 followed the same path 
as the bungler, though with greater success. 

First, from all we know about the methods of Mesopotamian 
mathematics education, it consisted largely of working out 
specific problems, most often with many examples of similar 
type - It is not likely that the methods of the Fara school were 
at a theoretical level higher than those of the Old Babylonian 
scribal school--in other respects, at least, Old Babylonian 
teaching followed the very characteristic pattern which had 
been created many centuries before the Fara tablets were written 
(see [Falkenstein 1936, 46 f.1). Of course, teaching by means 
of examples does not prevent students from understanding the 
mathematical principles involved; but in most cases such an 
understanding will not inspire the average student (and a forti- 
ori not the dunce or the beginner) to invent a method radically 
different from the standard one. A student might err by dividing 
the number of gur instead of the number of sila, but then it is 
unlikely that he would almost rectify his error by multiplying 
by the number of sila to a gur. 

Second, the above-mentioned custom of expressing large vol- 
umes in gur rather than in sila coincides with what appears to 
be the general method of thinking of large quantities. Certainly, 
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the same applies to area measures: "The notation beginning 
with bur and its higher multiples runs exactly parallel to 
standard numerical notation" [Powell 197233, 1751. This general 
tendency--to count in terms of the greatest unit--makes a cal- 
culation in two steps much more natural than a conversion of 
the guru7 directly to sila, provided, of course, that the 
Sumerians could conceive of and perform the calculation correctly 
in two steps. (This is discussed below.) 

Third, we may ponder the possible alternative strategies. 
Conversion to sila followed by a "long division," discussed 
above and in [6], appears to be incompatible with the result of 
No. 671. Another alternative is the one proposed by Powell. 

It will appear from the discussion of No. 50 (above) that 
this calculation cannot be performed by the numerals which have 
come down to us from the Fara period (Table 1); even circumven- 
tion strategies such as the factorizations suggested by Guitel 
and Bruins will not do. This, however, is an objection of 
restricted value: For one thing, the numerals found on the 
material which has come down to us may very well be incomplete. 
While small numbers occur on most tablets from Fara, the s'ar 
and the garu occur so rarely that it may well be that still 
higher numerals either have not survived or have escaped notice 
completely [8]. 

It is less probable, although not impossible, that an altern- 
ative notation system, with genuine place value features, was 
already in existence; in fact, even in Ur III where the place 
value notation is attested this system is an alternative nota- 
tion, used for marginal and intermediate calculations (see 
[Ellis 1970, 267 f.; Powell 1976, 420 f., 435 n. 61). But the 
existence of a real place value system is not a necessary pre- 
condition for the performance of division via multiplication by 
the reciprocal. Even in the Fara notation, as we know it, simple 
divisions may well have been performed by means of "multipli- 
cative complements" followed by a shift of sexaqesimal "order 
of magnitude" [9]. 

Finally, we should remember that numbers can, for the purpose 
of calculation, be represented by means other than written nota- 
tions. Denise Schmandt-Besserat's recent discoveries 11977, 
1978, 19791 of the pre-Sumerian use of small clay tokens to 
represent numbers, points to a possible basis for an abacus- 
like representation (requiring not necessarily an abacus board 
or frame). Moreover, archives from Nuzi from the second millen- 
ium B.C. show that material counters, probably related to the 
pre-Sumerian ones, were used for recording purposes even at this 
time [Oppenheim 19591 [lo]. On the other hand, in a problem 
discussed by Powell [1976, 426 f.] a student from c. 2200 B.C. 
is apparently groping after the basic idea of the extension 
as libitum of sexaqesimal notation; the way in which he loses 
track of the correct sexaqesimal place suggests that he was 
working with a mental construct and not with a notation or a 
material representation. 
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All in all, we must conclude that the existence in the Fara 
period of techniques permitting a solution of our problem in 
agreement with Powell's suggestion remains an unproven hypothe- 
sis. Therefore, the assumption that the scribes responsible 
for the two tablets followed the same path--that of a division 
in two steps--seems all the more likely. 

However, before this assumption is accepted two questions 
must be asked: Did the Fara scribes possess the technical com- 
petence to carry out the correct solution given on tablet 50 
by a division in two steps? And, assuming this technical com- 
petence, is it reasonable to assume that they would have thought 
of using a division in two steps? 

The result obtained in No. 671 will help us answer the first 
question: Assuming that the two-step interpretation of this wrong 
result is correct, 40,O is correctly divided by 7. (Although 
the remainder is dropped, we may assume that the remainder could 
be found by any competent scribe--if it was not yielded directly 
by the calculation, it could be found by multiplication and 
subtraction once the quotient was known.) Also, 5,42 is cor- 
rectly multiplied by 8,0. the result being 45,36,0. 

Would these skills suffice technically to solve the problem 
entirely? Probably in the following way: 40,O gur are divided 
by 7. The result is 5,42, with a remainder of 6 gur. The 5,42 
are multiplied by 8,0 (the number of sila to a gur), and the 
result is 45,36,0 (men). So far we have done precisely what 
seems to have been done on No. 671. The remainder is converted 
to 6*8,0 = 48,0 sila; such a step does not explicitly appear 
in No. 671, but the ability to perform it is inherent in the 
metrological systems used by the Fara scribes in their accounting. 
What sense would be left to such systems if a unit could not be 
converted to a smaller one? Further, the conversion is concep- 
tually related to the multiplication by 8,0 in No. 671, even if 
this is not a simple conversion of units. 

The remaining 48,0 sila are then divided by 7; this step is 
similar to the division of 40,O by 7 in No. 671. The result is 
6,51 (men), which is added to the 45,36,0 (men) already found; 
this addition is not different from the addition probably in- 
herent in the multiplication of 5‘42 by 8,0, and neither does 
it differ from the bulk of additions necessary in ordinary 
contemporary accounting. The result is 45,42,51 men, as stated 
in No. 50. Besides, 3 sila are left over, as also stated. So, 
the method and the abilities revealed in No. 671 indicate suf- 
ficient technical ability to produce the correct result of No. 
50. Moreover, this analysis implies that the apparent result 
of No. 671 is not necessarily a wrong final result; it may be 
an intermediate result in a calculation which the student did 
not know how to complete, or which he was unable to complete 
on this tablet where no empty space was left (see Fig. 1 and 3). 
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Technical ability is one thing, how to use it another. 
Would the Sumerians have been able to conceive the idea of a 
division in two steps? Does this not require the explicit recog- 
nition that multiplication and division are interchangeable math- 
ematical procedures? And is such a recognition to be expected 
at this early stage? 

Of course we cannot exclude the possibility of this recog- 
nition. But a comparison with Middle Kingdom Egyptian mathe- 
matics suggests that it is not to be expected: Middle Kingdom 
mathematics constitutes a coherent and relatively well-developed 
structure [ill. Still, the vocabulary which it used until 
Demotic times to describe multiplication and division is fetched 
from counting [Peet 1923, 22 f.; Parker 1972, 7 f.]; the Egyptians 
seem not to have thought of these as independent procedures. 

On the other hand, the Sumerians need not have thought of 
interchangeable procedures in order to have conceived the idea 
of a two-step division. The method can just as well be described 
quite intuitively, as follows: One man gets 7 sila. Since 1 
gur is 8,0 sila, then 8,0 men will receive 7 gur. 7 gur are 
contained 5,42 times in a guru7 of 40,O gur, and 6 gur are left 
over. So, 8,0 men can be paid 5,42 times, and the 6 gur may 
provide for a supplementary number of men, etc. [12]. 

This pattern of thought is so close to concrete experience 
that it should be accessible to a mathematical culture in which 
problems such as No. 50 could be solved. However, it does not 
follow from the simplicity of the argument that precisely this 
form of reasoning was used, but only that a simple argument 
could produce the two-step calculation. In any case, we may 
say that the two-step-calculation is a well-supported hypothesis. 

CONCLUSION 

How much does this analysis of the tablets reveal about the 
general character of mathematical thought of the Fara period? 
More specifically, will it tell whether the concept of place 
value was already on the way? And further, can we be confident 
that the methods of the specific problems found on the two tab- 
lets reflect the normal customs of the time? 

No traces of a concept of place value were revealed in the 
treatment of the problem. So, the tablets do not indicate that 
place value was already on its way. This absence of positive 
evidence is, however, inconclusive, because the problem dealt 
with on the tablets is peculiar in several respects: 
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The quantity to be divided is very large if 
expressed in sila. 

On the other hand, the gur probably presented 
itself as a natural intermediate step; it may be that 
the guru7 was spontaneously thought of only as con- 
sisting of a number of gur--just as we think of a foot 
only as consisting of 12 inches, not of 144 lines. 

The divisor 7 is irregular; i.e., it does not 
divide 60 or any power of 60. As pointed out by 
Powell [1976, 4331, 7 may very well have been chosen 
for the exercise because it was irregular. 

So, although analysis of the tablets suggests a mathematical 
mode of thought closely connected to current metrology and not 
yet familiar with the concept of place value, it does not nec- 
essarily imply that these were general characteristics of Fara 
mathematics. Metrology may simply have been used to circumvent 
the particular difficulties of this specific problem. Other 
calculations--in particular, the intermediate calculations used 
in the solution of the problem (40,O + 7, 5,42 l 40,0, etc.)-- 
may, but need not, have been performed metrologically; may, but 
need not, have been performed by means of nonwritten representa- 
tions of numbers [13]; and may, but need not, have been performed 
by place value-related reasoning. The wide variety of elementary 
mathematical techniques--many different from ours--which are 
known from other places and epochs [141 demonstrates that there 
are numerous possible ways to solve the same numerical problem. 
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NOTES 

1. The reading .!&-tag4 proposed as a conjecture by Powell 
on the basis of Jestin's reproduction should according to Aage 
Westenholz (private communication) be consolidated by the photo- 
graphs. According to later work by Powell [1978, 182 ff.], the 
reading tag4 should presumably be replaced by the reading taka. 
The interpretation "left on hand" is supported by this analysis. 
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2. Here I have omitted all considerations of the various 
quasi numbers used in various metrological systems (e.g., [Powell 
1971; 197233; Friberg 19781; most of them are structurally similar 
to the quasi-sexagesimal system shown in Table 1. 

3. Many things, not least of which is the enormous number 
of rations, point to the tablet's being in fact a mathematical 
exercise and not an administrative calculation. 

4. Thus, according to Thureau-Dangin [1907, 391 and 
Sollberger and Kupper [1971, 721, Cone A, IV, 11, means "1 sar 
guru7s"; according to Barton [1929, 631 and Lambert 21956, 143 
n. 11, the meaning is "1 s'ar [qurs, i.e., one] guru7." The 
difference amounts to that between realistic and imaginary quan- 
tities of grain. Still, everyone agrees that definite quantities 
of grain are meant. 

5. Such factorizations have often been used in other his- 
torical contexts when there was the problem of a restricted 
numeral system, e.g., Ancient Egypt [Sethe 1916, 91, Shang China 
[Needham 1959, 133, Ancient Rome [Friedlein 18681, and the early 
Latin abacists as well as vernacular mathematical treatises of 
Medieval Western Europe [Bubnov 1899, 203-209 and passim; Henry 
1882, 67 f.]. So, even the Sumerians may very well have hit 
upon the trick--indeed, a similar way of looking at things is 
suggested by the multiplicative structure of the number words 
9e8-u and s’ar-u and the corresponding written symbols (see Table 
1). 

6. Yet this was done by Bruins [1978] in a critical abstract 
of Powell's paper. In principle, Bruins went back to Guitel's 
interpretation, with the difference that either he factorized 
5,20,0,0 as 5,20 gar, or assumed the use of the full sexagesimal 
system for integers. Bruins' argument for this use of long 
division was based partly on the writing of the result of No. 
671 in three lines. He neglected, however, to note that this 
writing is unsystematic; .%aru and xar are separated, while ges'u 
and ges' are written together. He also assumed (advancing it as 
a fact) that for "the division by irregular numbers a table of 
multiples is made"-- apparently an extrapolation from the much 
more recent Old Babylonian multiplication tables. 

7. One is the deliberate use of 57/400 as an approximation 
to l/7. Since such an approximation is clearly not used in No. 
50, I would discard it. The other possibilities all consist in 
the measurement of the guru7 in terms of units other than the 
gur-maa : 576 sila, 720 sila, 960 sila, 1440 sila, or 2880 sila. 

None of these occurs in the rather meager evidence for Fara 
metrology, although all are simple multiples of the gur-mab, of 
the gur of 240 sila (also found in Fara), or of the gur of 144 
sila known from later Laga: (see [Powell 1976, 423; Lambert 
1953, 205 f.]). Measurement in terms of any one of these mag- 
nitudes is not likely to have occurred, unless that magnitude 
was (unknown to us) a metrological unit. If this were the case, 
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however, we would, in principle, be brought back to the division 
in two steps, but using another gur rather than the gur-ma;. 

8. A preliminary and elementary statistical analysis sug- 
gests that the existence of unnoticed higher numerals is improb- 
able, but far from impossible. Of the first 173 tablets in 
Jestin's randomly organized collection [1937], about 162 contain 
numerals or metrological symbols (the precision is limited be- 
cause of Jestin's not always quite reliable reproductions). 
"1" is present on about 145 tablets, "10" on about 75, "60" on 
about 27, "600" on about 21 "3600" on about 10, and "36000" on 
about 3. This fits beautifilly to a straight line in a log-log 
diagram. By extrapolation, the next numeral of the series 
("216000") should be expected to occur on approximately l/2 to 
1% of all tablets, if it existed. On the other hand, the only 
argument for the use of log-log analysis is that it works be- 
tween "1" and "36000". 

9. It is possible, perhaps even plausible, that one of the 
motives for the introduction and general adoption of the full 
place value system was the fact that it permitted the generali- 
zation of the principle of multiplicative complementarity. 
(I have discussed this in another connection in [H$yrup 1980, 
19; 84 ff., nn. 37, 38, 431.) 

10. Surely, one should not conclude too much from the Nuzi 
find. Nuzi was a Hurrian city and need not have inherited its 
seemingly rather primitive administrative techniques through 
Sumer. True enough, mid-third-millenium clay tokens are found 
in Ur, Kish, and a number of other cities ([Schmandt-Besserat 
1977, 9 f., 14, 201; and Schmandt-Besserat, private communica- 
tion) . However, using the published background references for 
Ur and Kish [Woolley 1934; Mackay 19291, I have found nothing 
connecting these finds with any specific use, except, on one 
hand, an interesting similarity between the tokens and the men 
and dice used in board games (cf. [Woolley 1934, I, 175-178; 
II, pl. 95, 98, 1581 and, on the other hand, the fact that all 
third-millenium tokens seem to belong to categories with a 
numerical, rather than a conceptual, significance. In any 
case, the very rich token system of the fourth millenium again 
becomes very simple (Schmandt-Besserat, private communication). 
In a recent publication, Stephen J. Lieberman 119801 suggests 
that the tokens were used as calculi in an abacus tithout a 
counting board. Lieberman introduces some interesting consid- 
erations involving the use of the two different ways to write 
numbers ("curviform" and "cuneiform": see the drawings in 
[Powell 1972a]) in later Sumerian accounting practice but he 
does not decide (nor even mention that it is a problem) whether 
the hypothetical abacus was analogous to the later place value 
system (this is almost claimed on p. 3421, or it was isomorphic 
with the system of curviform numerals as shown in Table 1 (this 
isomorphism is implied by the arguments on pp. 344 f.). 
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11. The cumbersome character of the Egyptian unit fraction 
calculations should not be taken as evidence for lack of mathe- 
matical coherence. Further discussion of the character of 
Egyptian mathematics may be found in [H$yrup 1980, 31 ff.]. 

12. I am told by Marvin Powell that A. Vaiman of the Lenin- 
grad Hermitage has mentioned a similar method of thinking to 
him (private communication). 

13. One possibility is the use of some abacus-like repre- 
sentation, for example, one based on Schmandt-Besserat's clay 
tokens. Another is the finger reckoning of the Ancient and 
Muslim world, which the Muslims thought of as "arithmetic of 
the Byzantines and the Arabs" [Saidan 1974, 3671, and which 
Saidan conjectures to have descended from Greco-Babylonian man- 
ipulational practices. (Still, an Egyptian cubit rod, repro- 
duced by Karl Menninger [1958, 231, carrying pictures of finger 
positions instead of the corresponding numbers suggests that 
Egypt may be a more plausible origin for Greek and Muslim fin- 
ger reckoning than Mesopotamia.) 

14. A few examples should be mentioned, all belonging to 
unsophisticated mathematical cultures: 

The Ancient Egyptian multiplication by duplations 
and division by filling-out; 

the "Russian peasant multiplication" described by 
Plakhovo [18971, which is related to, but yet differ- 
ent from, the Egyption method; 

the awkward but very down-to-earth division prac- 
ticed on the Medieval "Gerbert" abacus (see, for in- 
stance, [Smith 1925, 134 f.] or [Yeldham 1926,'42 ff.]). 
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